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Abstract 

We establish Liouville-type theorems for stable and finite Morse index weak solutions of — A p u = 
f(x)F(u) in R . For a general non-linearity F £ C 1 (R) and f(x) — \x\ a , we prove such theorems in 
dimensions N < 4 + p, for bounded radial stable solutions. Then, we give some point-wise estimates 
for not necessarily bounded solutions. 

Also, similar theorems will be proved for both radial finite Morse index (not necessarily bounded) 
and stable (not necessarily radial nor bounded) solutions with three different non-linearities F(u) — e u ; 
u q ,q > p — 1 and —u q ,q < 0, known as the Gelfand, the Lane-Emden and the negative exponent non- 
linearities, respectively. The remarkable fact is that the power profile f(x) ~ |x| Q will push the critical 
dimension. This paper is a continuation of [71 118] . 
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1 Introduction and main results 

We prove Liouville-type theorems for C ln (M. N ) weak solutions 7 G (0,1) of the following equation for 
different classes of non-linearities: 

- A p u = f(x)F(u) in R N , (1) 

where p > 2, F E C 1 (R) and / € Lj oc (M. N ). The notation A p stands for the p-Laplacian operator given by 
A p u = div(|Vu| p ~ 2 Vw). Since A p has variational structure, we can associate the following energy functional 
to {TJ, 

I(u):= f -\Vu\" - f{x)^(u), 
Jrk P 

where J-(t) = J Q F(s)ds. Here we have some definitions. 
Definition 1. We call u G C 1,ri $L N ) 

• weak solution of (Qp, if for all (f> g C^(K W ) the following holds: 

[ \Vu\ p - 2 Vu-V<t)= ( f(x)F(u)<p. (2) 

1 Research supported by UBC Graduate Fellowship and is part of the author's Ph.D. dissertation in preparation under the 
supervision of N. Ghoussoub. 



stable solution of (QP if not only u is a solution of (QJ), but also the second variation of the associated 
energy functional is non-negative. This means for <j> £ C£(R ), we have 



Iuu{<£)~ I \Vur 2 \V0\ 2 + (p-2) [ \Vu\v~ A \Vu-V$\ 2 - [ f(x)F' 
JR™ JR« Jr n 



(w)</> 2 > 0. 



In particular, for p > 2 we have 

f(x)F'(u)<f < (p-1) / |Vur 2 |V0| 2 V^eC^R^). (3) 



• stable outside a compact set £ C if I U u(4>) > /or aZZ </> £ C^,(R N \ £), a/so w has a Morse index 
equal to m > 1 if m is the maximal dimension of a subspace X m of C^(M. N ) such that Iuu{(f) < f or 
all (j) € X m \ {0}. 

Note that if u is of Morse index m, then there exist 4>i, (f> m such that X rn — Span{4>\, 4> m } C C^.(M. N ) 
and I uu ((f>) < for all (f> G X m \{0}. So, for all <j> e C c 1 (E Ar \E) we have > 0, where £ = U™ ^upp^i). 

Therefore, u is stable outside a compact set £ C 1^. 

In the majority of this paper, we assume f(x) = \x\ a . This power weight was considered by M. Henon, 
[25) . in equation — Au — l^l^u 9-1 for a > to model and study spherically symmetric clusters of stars and 
is now known as the Henon equation. For a < 0, this equation is called Henon-Hardy equation. 

Ten years later, Ni in |26j explored properties of positive solutions of this equation on the unit ball and 
observed the fact that the power profile f(x) = \x\ a enlarges considerably the range of solvability beyond 
the classical critical threshold, i.e., q < 2* to q < 2* + =: Qc( a )- The same type phenomenon has been 
observed in the notion of stability by Esposito [T^l US]: Esposito-Ghoussoub-Gou [21 [T3], Guo-Pan-Ward 
[2"1] and Cowan-Ghoussoub [B]. 

On the other hand, Gidas and Spruck in [21] [22] proved Liouville-type theorems in the absence of stability 
for some ranges of a and q on the whole space M. N and conjectured that there is no positive solution for 
all q < q c {ct) and a > —2. For a > 0, this has been open so far. Very recently, in |27j . Phan and Souplet 
-among other results- have proved the conjecture in dimension N = 3 for bounded solutions and in [18] this 
conjecture has been solved for finite Morse index solutions in dimensions N > 3 and for bounded solutions 
of corresponding systems in dimension N = 3. 

In this note, we examine the impact of this type of profile functions, f{x) — \x\ a , on stable solutions of 
weighted quasi-linear equation ([T]) with various non-linearities. We first explore properties of bounded radial 
stable solutions of ([1]) with a general non-linearity F € C 1 (M) and besides some point-wise estimates, we 
prove a Liouville-type theorem by following ideas given in [T] [5] l3"Tj. Then, applying Harnack's inequality, 
we prove such theorems for radial finite Morse index solutions of ([T]) with three different non-linearities as 
well as some non-existence theorems for not necessarily radial nor bounded stable solutions. Our methods 
here are methods developed in [14] [TS] [16l [T7] . Finally, some decay and point- wise estimates will be proved. 
Throughout the paper, we assume that a>0, N > p > 2 and solutions of ([1} are positive for power 
non-linearities. However, most of proofs can be adapted for a +p > and for sign changing solutions of ([!]) 
if F(u) = \u\ q ~ 1 u for q > p - 1. 

1.1 Main results. 

In the following theorem, we prove a Liouville-type theorem for radial solutions of quasi-linear equation ([!]) 
with a general non-linearity F G C 1 (M). 

Theorem 1.1. Let N > 1 — a-\- Fe C^R) and u be a non-constant bounded radial stable weak solution 
of (OJ). Then, N > + p and 



i(l + f)(p+2-^ + 2^(^ +Q -) 



|«(r)- Woo | >CV PV P 'V P+Q V, Vr>l, 

where Uoc = linv^oo u(r) and C does not depend on r. 
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Moreover, we have the following point-wise estimate for not necessarily bounded solutions of ([T]). 

Theorem 1.2. Let N > 1 — a + ^, F6 C^R) and u be a non-constant radial stable weak solution of {7]]. 
Then, there exist positive constants C and r such that for r > r we have 

r i(i+ f )( P +2-^ +2 ^(^ +Q )) 4(p+a) 

I Mr), z/TV-^+fi+p. 

The constant C does not depend on r. 

In the following, we prove Liouville-type theorems for radial solutions of ([T]) of finite Morse index with 
three well-known non-linearities. Note that there is no boundedness condition in this theorem. 

Theorem 1.3. There is no radial weak solution with finite Morse index of {Ip if 
(i) F(u) — e u in dimensions p < N < 4 ^"- ) + p. 



(ii) F(u) = u q with q > p - 1 in dimensions p(g ^ 1 1) < N < -^AjP + + 2(p + a) t^M^ ^I 



(Hi) F(u) — ~u q with q < in dimensions p ^ q 2 ) < N < — — rrp -\ — p 2 . a + 2(n + a) % P ~\]\ ■ 

Remark: Note that gMrij+gfe^i < p if and only if (p + a)(p — 2) > 0. So, the lower dimensions in 
(iii) is covering the range p < N which is of our interest. Also, in lower dimensions for (ii), one can apply 
Proposition 12. 1[ Pohozaev identity and standard techniques given by Caffarelli-Gidas-Spruck [3] for radial 
solutions to sec there is no non-trivial radial weak solution of ([1]) if F(u) — u q for q > p — 1 in dimensions 

N p(q + a + l) 
q-p + 1 

For finite Morse index solutions, we can prove a non-existence result as following for not necessarily radial 
solutions. Note that dimension N — is a critical dimension which quasi-linear Lane-Emden equation 

([T]) will accept a stable outside a compact set solution. 

Theorem 1.4. Let u be a non-negative weak solution with finite Morse index, not necessarily radial, of (Q]j 
for F(u) = u q and q > p — 1, then in dimensions 

N p(q + a + l) 
q-p + 1 

u is the trivial solution. Moreover, in dimension N = ^z^i > a ^ radial solutions of (QJ) are of the following 
form 

p + a p — N 

M e (r) := fc(e)(e + r p- 1 ) p+o , (5) 

N — p 

where e > 0, fc(e) := (e(N + ct){ N p Zf ) p-1 ) P<P+ ' > an d are stable outside a compact set Br , for an appropri- 
ate Rq 

Remark: For — p < a < 0, by Schwarz symmetrization (or rearrangement), it is shown in |20j that all radial 
solutions of with q = Ar(p ~^ (a+1) and N > p are of the form ©. See also [32]. 

For not necessary radial nor bounded solutions, a similar Liouville type theorem can be proved as fol- 
lowing. Note that higher dimensions are the same as given in Theorem 1 1.31 

Theorem 1.5. There is no entire stable weak solution for (QJ) with one of the following non-linearities 
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(i) F(u) = e u in dimensions N < 4 (p+°) + p. 



(ii) F(u) = u q with q>p-l in dimensions N < g 5 p + x P + q - p +i a + 2 (p + a ) \ P i)(l^ P +i) • 

(in) F(u) — —u q with q < in dimensions N < q ^ p ^_ 1 p + ^|j a + 2(p + a) ^-^(q-p+i) ■ 

By following ideas in the proof of Theorem 11.31 and Theorem II .51 we also get some point-wise and decay 
estimates on solutions, see Theorem 12.21 and 12.31 in $2.'3{ 



2 Proof of main results 

2.1 Proofs of Theorem CD] and flT2l 

Note that the p-Laplacian operator of a radial function in dimension N is given by 



A P: atu = \u r \ p 2 ( (p — \)u rr + 



N - 1 



-u. 



Moreover, A^jy makes sense for non-integer N, and radial weak solution u of ([T]) satisfies 

) />oo 

r N - x \u r \ v - 2 u r 4>r = / r* r_1 /(r)F(«)^, for all e C\ ([0, oo)) . (6) 

In the following proposition, we see by an appropriate change of variable, weighted equation ([1]) can 
be changed to a non-weighted equation in a new fractional dimension. For the semi-linear case, i.e. p = 2, 
Cowan-Ghoussoub in [6] used this change of variable on the unit ball to provide proofs for various phenomena 
observed by Guo-Pan-Ward in [24j . 

Proposition 2.1. Let N > p > 2 and a + p > 0. Function u(r) satisfies —/S. p ^u{r) — r a F(u(r)) in Br, 
the ball of radius R, in dimension N if and only if the function co(s) := u(r) where s := r 1+ ~p is a solution 
of — p (q+w) uj{s) = (1 + ^)~ p F(oj(s)) in B^i+<± in fractional dimension • Also, a same type result 

holds on the whole space M. N . 

Remark: By scaling one can remove the constant (1 + ^)~ p - 

Proof: Set lo(s) := u{r) for s := r 1+ p . Then, by a straightforward calculation, we see 

N- 1 \ / a\ p „, ,„_, /, JV„.„-1 



\u r \ p - 2 f(p-lK r + ^J = (l + ^V^r 2 ((p-l) Wss + 
where iV QiP := p( ^ a) . Since A PiA rit = |u r | p_2 ((p - l)n rr + ^-u r ), we get 



— UJ, 



Therefore, 



A p , N u(r) = ( 1 H r Q A P (w+ Q) a^s). 



A, = ( 1 *V>- 



□ 

The first Liouville-type theorem in the notion of stability for radial stable solutions of ([T]) with a general 
non-linearity F E C 1 (R) and / = l,p = 2 was nicely proved by Cabre and Capella [T]. Then, Castorina- 
Esposito-Sciunzi in [5] extended Cabre-Capella results to the quasi- linear equation (p} with / = 1. Recently, 



4 



Villegas |31| by deriving some technical estimates and using a new test function in the stability condition 
improved Cabre-Capella's results for the semi-linear case p — 2, f — 1. 

To prove a non-existence result for (TTJ), one can apply Cabre-Capella ideas in pQ, Castorina-Esposito-Sciunzi 
results in [5 and Proposition 12.11 to show that if u is a non-constant bounded radial weak solution of (TTJ in 
dimensions 1 — ct+j < N < -^^j(3p — 1 + 2y/2p — 1) — a, then u is unstable. Also, the same result holds 
for 

p + a /n 1 , n /n~ 7\ ^ „ x 4(p + a) 



p(p-l) p-1 



P- 



if we assume that lim s _j. So \F' (s)\\s — so\~ q = a 6 (0,oo), for every zero point so of F and for some ^ = 
<?( s o) > 0. Note that this non-degeneracy condition on F is satisfied if F is a non-zero analytic function. 

In what follows, we will drop the non-degeneracy condition from the above result. To do so, we adapt 
some estimates given by Villegas in |31j for the non-weighted semi-linear equation. 

Here is one of our main integral estimates. 

Lemma 2.1. Let N > 1 — a + ^ , F € C (R) and u be a non-constant radial stable weak solution of (Qp. 
Then, for a given S there exists C > such that 



dt 



p(W-l) + o(p-l) 
. t jfe; | Wa ( t )P 



< 



c S - 2 ^W, V 



1< s < S, 



(7) 



where w(s) := u(r) /or s = r 1+ p . 77ie constant C does not depend on s and S. 
Proof: Proposition ^. II guarantees u>(s) is a radial stable solution of 

" F(u{a)) =: F(u(s)). 



p(N + a) Uj(s) 
> p + a 



1 



(8) 



By the same argument as in the proof of Theorem 1 in [T], Theorem 1.4 in [5] and Lemma 2.3 in [31] , one 

has 



(N a , p -1) / ^-«>- 3 |w.(t)|V(*)* < (P- 1) / t ff °"- l \u,(t)\ P '£(t)<lt, 



(9) 



for all e C*[0, oo), where iV Q , p := p( ^_+ a) . This is true for any bounded or unbounded solution. 



Now, set the following test function n e H l (R N ) n L° 

r 



!>N\ 



t 



7T 
I o, 



/ "c,p-l 

'V p-i rS 
Jt z"<*.p- 1 \u s (z)\p ' 



if < t < 1; 
if 1 < t < s; 

i{s<t<S; 
i£S<t. 



By a straightforward calculation, for the given test function rj, L.H.S. of © has the following lower bound, 



(N a>p -1) t N <**- 3 \co s (t)\ P V 2 (t)dt > (N a , p -1) \cj s (t)\H N ' 



'dt 



+(N a , p -l) [ | Ws (t)|Pt- 2 V /Z ^+ Ar -- 



dt. 



On the other hand, since 



0. 



Vt(t) = { 



N n 



p-1 



— - / Wcp-l , 



0. 



if <t < 1; 
if 1 < f < s; 

if s < i < 5; 
if 5 < t; 
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R.H.S. of for the given rj, is the same as 

(p-i)J~t* f <*->- 1 \ u .(t)\*rg(t)dt = (p-i)f (^rr) t- 2 J s & E+If -*- 3 \u B (t)\ p dt 



+(p-l) t N "-'- 1 \u t {t)\ P 



•S 



-2 



s z JV = ,p- 1 | Ll ; a (2)|P 



(t N ««-i\u s (t)\ p y 



l 

Therefore, from (GO) we obtain 



(N a , p -l)j t- 2 ^^ +N ^ 3 \uj s (t)\Pdt 

s v p- 1 

+(p-l) 



z n "-p~ 1 \u> s (z)\p 



1 



(JV aJ1 - 1) / t N «-*- 3 \u s (t)\Pdt <{p- 1) " dz , VI < S < S. 

JS Z N ":P- 1 \U> B (Z)\P 



Hence, we have 

where C := jz- . r i ^T 1 _ 3| — . . , . Note that constant C does not depend on s and 5. 

(Moc,p — 1) J t a - p \u s (t)\Pdt 

Applying Lemma \2 . 1 1 enables us to prove the following point- wise estimate. 

Lemma 2.2. Let N > 1 — a + ~, F € C (R) and u be a non-constant radial stable weak solution of (QP. 
Then, for fixed 7 > 1 there exists C 1 > swc/i i/iai 

\u{ ir )-u(r)\ > r vK p> \ p+a Vp+aV V, Vr>l. (10) 



The constant C is the same as the constant in Lemma \2.1\ which is independent 0/7 an 

(l + f)ln 7 , ifN a ^ p =p + 2; 



p 

C~ ■= i .1 / (P + 2-Wo,p)(a+p) \ 

' 1 i^fcfj + 



where N„ „ :— P( jv+a ) 

Proof: Fix 7 > 1. By Lemma \2. II for 1 < s < js := S 1 , we have 

7S „ g ^ <cWW, (11 ) 

where C does not depend on 7 and s. On the other hand, by the same idea as in [TJ [5J |3T] we see w s does 
not change sign in (0, 00). So, 

\u e (t)\dt = \u(js) -u(a)\. (12) 



G 



Now, apply Holder's inequality to get 



s I p+1 \J 

1 2_ / Wc,p-1 p 

< Cp+ 1 s p +1 V p-i |o;(7s) — w(s)|p+ 1 , 

where in the last inequality we have used (fTTj) and (fT2|) . On the other hand, by a direct calculation, we see 
L.H.S. of the above inequality is 

dt ~ p + 2-W„, p 

s P+ 1 



«a,p-l ^7 

t P+ 1 
where 

J In 7, if N a , p = p + 2; 



Therefore, 



H 7 s)-^)l>^r^ ' p v A (is) 



Since ui(s) — u(r) for s = r v and r > 0, replace 7 by 7 + * in (TT5]) to get 

~ P+ 1 

/+f H 1 +f)(p+ 2 - J v*+ 2 \/ z Pf r ) 



c 



CP 

□ 

Now, we are in the position to prove Theorem ll.il 

Proof of Theorem ll.lt This is a consequence of Lemma 12.21 Fix 1 < 7 < 00. Since u is bounded, 
R.H.S. of (|10j) must be a bounded function of r. So, the exponent must be non-negative, i.e., 



^2-^ + ^+2,^- ( P -^l + a]<0. 
p + a yp + a \ p-1 / 

Note that if the exponent is zero, then by the same idea as in the proof of Theorem 1 1.21 we get a lower bound 
of the ln-form. So, the exponent must be negative, and a straightforward calculation shows this is possible 
if and only if N > p + ^ ± ^-. 

To get the desired point- wise estimate, we apply Lemma \2.2\ again. Note that if N > p + 4 ^'"- > , then 
for sure N > ( p + 2 ^P +0! ) — q. ; i, e , N a<p > p + 2. So, for any 7 > 1 from (fTTJj). we conclude 



\u( 7 r)-u(r)\>-lr A p) V ' P V p 1 ) 



Cp 

P + 2-N a „)(a + p) 



, Vr > 1, 



where = ( p+ 2-n — (7^ <p +1 >p — 1) ) . Now, just take a limit of both sides of the above inequality 



p+l 

< OO. 



when 7 — > 00. Note that lim 7 ^ oc C' 7 — ( -^ v+ } p _^ j 
Proof of Theorem II. 2t If TV > p + 4 ( p +") ; then a straightforward calculation shows 



p + a V p + a \ p—l 
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Assume linv^oo u(r) = 0, otherwise (Q} holds trivially. Also, observe that u is monotone, since u r = 
(1 + ^)r~uj s (s) and uj is monotone. Considering these facts and applying Lemma [2721 we get the following. 



*(r)| = ^|u(2 fe r)-"(2 fe -V)| 
fc=i 

~ , , l(l + ^)fp+2-£<^+2,/J-(£ii^ r ii+a) N ) 

^ C \ (2 r) p p V p p p / 

k=l 



c 



E 2 

fc=i 



Since the exponent is negative, the series is convergent and (0} holds. 

Now, letl-a+|<Ar<p + 4( p+° } . Take 1 < r x < 2 such that r = 2 m ~ l rx. For r > 1, we have 

rn— 1 

\u(r)\ > \u(r)-u(r 1 )\-\u(r 1 )\ = Y,H2 k ri)-u(2 k - 1 r 1 )\~\u(r 1 )\ 



k=l 



1(1+^+2-^+2^(^+4) 



|«(n)|. 



fc=i 



li N = p + ^f^- , it's easy to see p + 2 - p( ^+ a) + 2^ ^ ( eL ^ 1 +aj=0. So, the above inequality will 
be simplified to 

In r — In ri 



\u(r)\ > C(m-l)-\u(r l )\=C- 



ln2 



\u{n)\. 



Since 1 < r\ < 2 and u is continuous function, Q holds for large enough r. 
On the other hand, for dimensions 1 — a + ^ < N < p + 4 ^"- > , we have 

/ |(l +f )( p+2 - £ ^2 +2 y 5fe (^ +a )) _ i(l+f )(p+2-^ + 2 v /^(^ T i>+ Q )) \ 



'(01 > c 



Since (1 + s ) p + 2 - 



^(1+^(^2-^+2^(^+4) _ i 



*(ri)|. 



PtJV+q) 
p+a 



2^ / ( P ^ 1 1 " > + ot) ) > 0, we get the desired result for large enough r. 



a 



Note that regularity of extremal solutions which is closely related to Liouville-type theorems through blow- 
up analysis and rescaling techniques for both semi-linear and quasi-linear equations has been established by 
Cabre et al. in 013]. 



2.2 Proof of Theorem flT5l 

At first, in a couple of lemmas, we prove some major estimates for stable weak solutions (not necessarily 
radial) of (UJ with three different non-linearities, i.e. the Gelfand, F(u) = e u , the Lande-Emden, F(u) — 
u q , q > p — 1, and the negative exponent, F(u) = u q , q < 0, non-linearities. Note that the negative exponent 
non-linearity for q = —2 is called the MEMS non-linearity, see [HI [15]. Then, applying appropriate test 
functions leads us to Liouville-type theorems. The following lemmas are adaptations of the same type 
estimates given by Farina in [16l[T7] an d Esposito-Ghoussoub-Gou in [14], [15] . Similar results can be found 

in m ed mm [?]. 

For power non-linearities, we have: 
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Lemma 2.3. Let C R N and u £ C 1,7 (f2) be positive stable weak solution of (QJ) with F(u) — sign(q)i 
For one of the following exponents and parameters: 

(i) either q > p - 1 and 1 < t < -1 + 2 9+ ^~ p+1) , 

fw) or q < and 1 < — t < 1 + 2 P+1 ' > ■ Then, we have 



(IVwIPu*- 1 +f(x)u t+q ) </> pm < C / /(a;)"^FFT|V0|^FT p , (14) 
(IVuI^*- 1 + /(zy +<? ) 2m < C / f(x)-^(\Vu\ p - 2 \V(f>\ 2 )^, (15) 



/or a/Z £ C^(ll) iwii/i < 4> < 1 and /arye enough m. The constant C does not depend on and u. 

Proof: We first prove (|T4"]) . then by the same idea we prove (fT5")) . For any C 1,7 (IR Ar ) stable solution of (HJ 
with F(u) = sign(g)u 9 and G C^QR^), we have the followings: 

\q\ [ < (p-1) / |Vnr 2 |V0| 2 , (16) 

sign(g) y f(x)u q (j) = J \Vu\ p - 2 Vu ■ V<j>. (17) 

Test (fTTj) on an appropriate t€R will be chosen later, to get 

sign(g) f f(x)u t+q <j) p = [ \\7u\ p - 2 \7u • V (u*0 p ) 
Jn J 

= *y \Vu\ p u t - l <j> p +p J |Vu| p -VVw- V^- 1 . 
Therefore, applying Young's inequalitjH with exponents p and to ^|Vu| p ~ 1 u £ p - ^ t ~ 1 ' ) </> p-1 ^ ^it p |V</>|^, 

(|t| - e) y |Vu|V"V < C e , p J u'+p- 1 ^^ + J f(x)u t+q ft>. (18) 



we have 



t+i p 

Now, test (1161) on u~ 02 to obtain 



p-l J 4 J 4 



+ 



< 



2 

(t + 1) 2 



y |Vu| p ~ VVu • V^" 1 
+ 2e) y |Vu| p u*- V p + (CU P + C' e [ ttP ) J u'+p- 1 ]^, 



in the last inequality we have used Young's inequality twice with exponents p and and also with | and 
. Combine this inequality and (|18p to see 

•' I I (« + l) 2 , Q \ r / (*+l) 2 i Q \ /• 

' " 1 ' < f„ - Ce, P + C'^ v + C^ p / u^\VcP\p. (19) 



p-l |i| 



2 For a,b,e > and 1 < a,/3 < oo we have af> < ea a + C(e)6' 3 , where (7(e) = (ea)-' 3 /"/?" 1 and l/a + 1/0 = 1. For a = /3 = 2 
this is called Cauchy's inequality. 
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For an appropriate choice of t, given in the assumption, we see that the coefficient in L.H.S. is positive for 
e small enough. Therefore, replacing <f> with (j) m for large enough m and applying Holder's inequality with 
exponents . f +<? , and t+q , -, we obtain 

f{x)u t+ ^ m < D eM ( f(x)-^\V<b\^ p . (20) 



Note that both exponents are greater than 1 for t given in (i) and (ii). 
On the other hand, combining (jT5)l and P^)l gives us 

J |V U |V-V p <£Up/ n t+ ^- 1 |V^I P - 
Similarly, replace <fi by 4> m and apply Holder's inequality with exponents t *^ p q _ 1 and ^L^+x to get 

This inequality and (gUI) finish the proof of dHJ) . 

Proof of (fT5|) is quiet similar. Here is the sketch of proof. First, test (fTTf on u*0 2 to arrive at 

sign(g) J f(x)u t+q cj) 2 = t J |Vw| p m^ V 2 + 2 J |Vu| p -VVu • V(f> <f>. 

Then, applying Cauchy's inequality to 'u\% tf^j u\ E ^~ u~^~ |V0|^ , we have 

{\t\ - e) J |Vu|V~V < C £ , P J |Vu| p - 2 u t+1 |V0| 2 + J f{x)u t+q cf. (21) 

Now, test ([T6l) on u~^~(j) an d apply Cauchy's inequality to get 

-M_ J f{x)u t+q cf < { -^^- J |V W | p u t - 1 2 + J w t+1 |V^I^ 2 |V0| 2 



4 

Combine this inequality and (|2Tj) to see 

/ I I (t+i " 



: ( ^# + e) J \Vu\Pu^4? + (1 + <% t(P ) | IV^-V+V^ 



\P-1 |*| -e 

Replace with </> m and apply Holder's inequality to get the desired result. 



|V0| 5 



□ 



For the exponential non-linearity, Gelfand non-linearity, we have the following estimate. 

Lemma 2.4. Let ft C M. N and u <E C 1,7 (51) be stable weak solution of (QP with F(u) — e u . For any 
< t < -=rr, we have 

f f(x)e^ 2t+1 ^ u <jf m < G [ /(a;)- 2 *|V</»| p(2 * +1) , (22) 

Jn Jn 

f f(x)e {2t+1)u (f> 2m < C [ /(s)- 2t (|Vu| ,, - a |V0| 2 ) (at+1) , (23) 

Jn Jn 

for all (j> £ Cc(Cl) with < <j> < 1 and large enough m. The constant C does not depend on Q and u. 
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Proof: The idea of the proof is the same as Lemma |2~B"1 We just prove (|2"2")) . then by the same idea one can 
prove (23]). For any C 1 ' 7 (R JV ) stable solution of © with F(u) = e u and cf> € C^QR^), we have the followings: 

/(x)e"0 2 < (p-1) [ |V U r 2 |V0| 2 , (24) 

[ f{x)e u <f) = ( \Vu\ p - 2 Vu- V0. (25) 

JO Jf2 

Test (|25|) on e 2tu (/> p , an appropriate t £ R + will be chosen later, to get 



f{x)e {2t+1)u (j) p = / |Vu| p - 2 Vii • V (e 2tu <f> p ) 

= 2tj \Vu\ p e 2tu <j) p +p J \Vu\ p ~ 2 e 2tu Vu-V<j) c/3 p - 1 . 

Apply Young's inequality with exponents p and to (\Vu\ p ~ 1 e~ ^ ""(/jP -1 ^ ^e~ u |V</)|^ to obtain 

(2i - e) / \Vu\ p e 2tu $> < C e<p f e 2tu \V0\ p + f f(x)e {2t+1)u (f> p . (26) 



Now, test flU} on e tIl <?!>2 to have 

— J f(x)e^ 2t+ ^ u cj) p < t 2 J \Vu\ p e 2tu cj) p + ^ y \Vu\ p - 2 e 2tu <b p - 2 \V<j)\ 



2 



< (t 2 + 2e) / |V<e 2 *"^ + (<% tiJI + C'J >t>p ) I e 2tu \V<f>\ p , 



in the last inequality we have used Young's inequality twice with exponents p and and also with | and 
-2— Combine this inequality and ([26)) to see 



^1) / /^ e(2 * +1) > P * (^7<^ + ^Ap + / e 2 *"|VC. (27) 

For e small enough, if we choose < t < we see that the coefficient in the L.H.S. is positive. 

Now, replacing cf> with <f) m for large enough m and applying Holder's inequality with exponents It + 1 



and ^±1 we obtain 

□ 

Now, to prove the theorem we just pick an appropriate test function. 

Proof of Theorem ll.5t We only prove the results for the exponential non-linearity. Let £r g Cg(R ) 
such that < C_r < 1 be given by 

WJ ~ \ 0, if |z| > 2R- 
and HVCrIIoo < i- Test (HD on £ fl to get 

f \x\ a e^ t+l > < C [ |x|- 2tQ |VCfl| p(2t+1) = C N , aAp R N - 2ta - p( - 2t+1 \ 

J Br JB 2 r 
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where < t < 7^1 • If N < 2t(a + p) + p for < t < ^y, i.e. N < ^fzr 1 + P, by sending fl->cowe get 
the contradiction. 

□ 

If we assume a certain decay on solutions, then we can get Liouville-type theorems in higher dimensions. 

Theorem 2.1. In addition to the assumptions of Theorem \1.5l if \Vu(x)\ has a polynomial growth, i.e. 
\Wu(x)\ = 0(\x\ k ) for (p — 2)k < 2 + a. Then, we can get the following higher dimensions for the non- 
existence of entire stable solutions of fT]) for the following non-linearities 

(i) F{u) = e" in dimensions N < 2 - k(p - 2) + 4(a+2-fcb-2)) _ 



(ii) F(u) = u q with q > p - 1 in dimensions N < 2 - k(p - 2) + 2 (a + 2 - k(p - 2))^^^+^ 



(Hi) F(u) = -u q with q < in dimensions N < 2 - k(p - 2) + 2 (a + 2 - k(p - 2)) ^j6^j ±S. 

Remark: Note that if k = — 1 and k = — fz frj for the exponential and the power non-linearities, re- 
spectively. Then, dimensions in Theorem 12.11 are the same as Theorem 11.51 In fact, these theorems are 

p + a 

equivalent if u{x) behaves the same as functions u(x) = — (p + a) In \x\ (where k = 1) and u(x) — \x\ <j-p+i 
(where k = — ) for the exponential and the power non-linearities, respectively. See Theorem l2.2l andl ; 



Proof: Use the same test function as in the proof of Theorem 1 1.5 1 Assume there are constants C € R and 

2+a 
p-2 • 



del such that |V«| < C\x\ k for k < 2±|, then by testing (J23|) on Cr, we have 



\ X \ a e (2t+1)u <C | x |-2ta+fe(p-2)(2t+l)| V ^|2(2t+l) = ^ ^ ^ pR N -2t a +(k(p-2)-2)(2t+l) ^ 



for < t < Since 2 + a - k(p - 2) > 0, we see 

N - 2ta + (k(p - 2) - 2)(2t + I) = N - 2t(2 + a - k(p - 2)) + k(p - 2) - 2 

s 4(2 + a - k(p - 2)) 

< N-2 + k(p-2)-^ ^ 'A 

P- 1 

Other cases are similar. 



2.3 Proofs of Theorem Q and OJ 

The crucial tool to prove these theorems is the following Harnack's inequality, see [23l [29] . 



□ 



Lemma 2.5. (Harnack's inequality) Assume fi C M. N and N > p. Let w be a non-negative weak sub-solution 
of 

—A p w = a(x)w p ~ 1 in Q, 
where a(x) € L q {£l) for q £ ^ry). Then, for any R such that B-2R C $1, there exists Ch such that 

I \w\ |l=c (n) < C H R 1 3 iFllijB(n), 

N_ 

where /3 > 1 and Ch may depend onp,N,(3 and R « ||a||L<j. 

Proof of Theorem 11.31 In the light of Proposition ^. 11 we can assume a = 0. Let £ C Br for sufhciently 
large enough Rq. 
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(i) Let F(u) = e u . Apply Lemma with = R N \B~^ and the following test function £ fl <E C*{R N \T,) 
for i? > Ro + 3; 

f 0, if |a;| <Rq + 1; 

£ R {x) = \ 1, if i? + 2 < |z| < fl; 

[ 0, if |a;| > 2R; 

which satisfies < £ R < 1, | |V^| \l°°(b 3 b\Br) < % and ||V^|| L =o 

(B Ro+2 \B Rg+1 ) < C-Ro ■ Therefore, for 

i? > i?o + 3 and < t < we get 

e ( 2t+ l)u < Cj?o + CJ? iV-p(2t+l) _ (2g) 

Br\B Ro+ 2 

Since p < N < + p, we can choose ti := in ([25)1 . By sending R to infinity, we see 

/ ev u < oo. 

Jr«\Br 0+2 

So, for a given 6 > and large enough i?i > i?o + 3, we obtain 

/ ef u <Sf. (29) 

JM N \B Rl 

Now, take B 2R (y) C {a;; |ac| > Ri} C {x; |x| > R Q } and |y| = AR for i? > i? - Then, we have B 2R {y) C 
{x; 2R < \x\ < 6R}. Using standard test functions of the form 4>r( x ) = Cr(\ x ~~ v\) f° r (r <= C£(R \ -Br ) 
which satisfies < Cr < 1, ||VCr||oc < § and 

J 1, if |z| <i?; 
tsW ~ \ 0, if jar] > 2R, 

in (|2"2"]). we get 

f e (2t+l)u ^ CR N- P (2t+l) j (3Q) 

JB R (y) 

for < i < ^-j-. The positive constant C is independent of R. 

To apply the Harnack's inequality, set w := e" and observe that w is a positive sub-solution of the 
following equation — A p w = e u w p ~ 1 in i?2i?(y)- Therefore, in the light of Lemma [2.51 for (3 = y > 1, we 
observe 



sup e" < C H RTT / e ~' 

N 

< C H R~^8, 

in the last inequality we have used (|29p . Therefore, 

sup e" < C H SR- p , (31) 
b 2 k(i/) 

where Ch just depends on N, p and i? e ||e"|| n . Set to := \ — ^ in (1301) for e small enough, to 

get 

p — c 

R e \\e u \\ R e \ f e&A <CR e R E ^( N ~^ p } =C, 



LP^(B 2R (y)) \JB 2R (y) 
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where C only depends on N and p. Since \y\ = 4i?, from ([3~Tj) . we see \y\ p e u ^ v ' < S for a given 5 and large 
enough \y\. Hence, 

lim \y\ p e u(y) = 0. (32) 

\y\^>oo 

Note that we have not used the assumption that u is radial so far. 

For a radial weak solution u of (HJ, the definition of radial p-Laplacian operator and decay estimate (|32l) . 
imply there exists i?2 and < k < N — p such that 

~r 1 - N (r N - 1 \u r \ p - 2 u r ) r < kr- p , Vr > R 2 . 

By integration, we get 

W p -V>^^ + ^, Vr>i? 2 . 

So, for large enough i? 3 we have 

|u r | p " 2 u r > -r 1 -?, Vr > i? 3 , 

and by integrating this, we get 

r p e u{r) > c r p-x^ V r>i? 3 . 



Since p > 2, this is in contradiction with (|32l) . Hence, there is no radial stable outside a compact set solution 
for (fTJ) with a = in dimensions p < N < + p. Now, apply Proposition 12.11 to see there is no such 

solution for (JlJ with any a > — p in dimensions p < N < 4 ^°^ + p. 

(ii) The case F(u) — —u q for q > p — 1 and a = has been done in [5]. 

(hi) Let F(u) = u q for q < and a = 0. By a similar argument as in (i), i.e., applying Lemma 12.31 with 
the same test function we obtain 



I u t+q < C Ro + CR N -^rr p , 

J Bii\BR J r 2 



(33) 



for 1 < -t < 1 + 2 - q+ ^ q(q r v+1) . Since ^ < N < _£^ p + 2 pp§E^ , we can take t x 

— V— 1 0— P+l o-c+l-^ ^ (p— l)(q-p+l) ' 1 



-^■(q — p + 1) — gin (|33)) . By sending i? to inhnity, we see 



/ 

Jpr 



'\- B «o+ 2 

So, for a given 5 > and large enough i?i > R + 3, we have 

u f (9-H-D < <jf (fl-H-i). (34) 

On the other hand, applying Lemma 12.31 with the same test function, £r, as in (i), we get 

L t+q < CR N-^ I p t ^ 



Br(v) 



forl<-t<l + 2 ' g+ ^ ( r P+1) . 
— p— l 

Now, define w; := u^ 1 and observe by a straightforward calculation that 

A pW + u q ~ p+1 w p - 1 = 2(p - l)u- 2p+1 |V«r- 
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Therefore, w is a positive sub-solution for — A p w = a(x)w p 1 , where a(x) = u q p+1 . Apply Harnack's 
inequality with (3 := — y(<? — p + 1) > 1, to get 

sup w < C H R~^ ( f u% (q - p+1) 

— N 

< C H SR » , 

where in the last inequality we have used ([34| . Substitute the value of $ to arrive at 

sup u- 1 < C H SR^^, (36) 

B 2 r(v) 

where Ch just depends on N,p and i? £ ||u <?_p+1 || _n_ . Set t 2 :— -^—{q—p+ 1) — q in (|35l) for e small 

Lp~> (B 2R (y)) p e 

enough, to get 

p — e 

R e \\u q - p+1 \\ < R e ( [ u ^- p+ A <CR*R^( N -^ p ) =C, 

U Lv-<(B 2R (y)) \Jb 2r (v) J 

where C only depends on N and p. Since \y\ = 4R, (|36|) proves the following decay estimate for not necessary 
radial solutions, 

lim \y[^^vT 1 {y) = 0. (37) 

\y\^oc 

Note that for a radial solution of (p} we have r N ~ 1 \u r \ p ~ 2 u r is increasing and u r > 0. From the decay 
estimate (|37l) . there exist i?i and fc > such that 



r 1 - N {r N ^ 1 \u r \ p ' 2 u r ) r < kr-^n, Vr > R x . 

By integration, we get 

r N-i u p-i < fc _ r N-^ + C ( N j f Vr > i?L 

q-p+l 

Since JV > , there exists positive constant C independent of r such that for large enough i?2 , we have 

1 (q+l)(p-l) 

u p - l <Cr Fin-, Vr>i? 2 , 

and again by integration, we get 

u(r) < C* r~^f+T, Vr > i? 3 , 

where C is a positive constant independent of r. This is in contradiction with (f37j) . Hence, there is no radial 
stable outside a compact set solution for (HI with a = in dimensions p ^ q ~}} < N < q ^ 1 , p+2p 9 , ^,w 9 ~ p ~ll} . 

* *— ' g— p+l ?— p+l-^ ^ (p— l)(g— p+l) 

Now, apply Proposition 12 . 1 1 to see there is no such solutions for (fTJ) in the given dimension for any a+p > 0. 

□ 

Remark: Similar-type results have been given for 

• the semi-linear Gelfand equation, (TTJ with a = 0,p = 2 and F(u) = e u , by Dancer and Farina in [9]. 

• the semi-linear Lane-Emden equation, (TTJ) with a = 0,p = 2 and -F(u) = u q for q > 1, by Farina in 
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• the semi-linear equation ([T]) with negative exponent, a < 0, p = 2 and F(u) = —u q for q < 0, by Du et 
al. in [lOj . They have mentioned in the introduction that they are interested in the case of a > 0. But, 
the dimension that they get for a > is the same as a = which is weaker than what is expected. 

• the quasi-linear Lane-Emden equation, ((TJ) with a = 0,p > 2 and F(u) = u q for q > p—1, by Damascelli 
et al. in [5]. 

Proof of Theorem 11.41 The proof is an adaptation of the proof of Theorem 1.9 and Proposition 10.1 in 
Step 1: It's straightforward to observe the following Pohozaev type identity holds on any O C R". 
N + a f \ x \^ u q+i_^_P [ | Vw |p = — L_ / \x\ a u q+1 x-v+ f jVtil'-VVtttt^-- / \Vu\ p x-v. (38) 



Q + 1 Jn P Jn Q + 1 Jen Jan V Jan 

Step 2: Estimates |Vtt| G L P (R N ) and \x\ a u q+1 G L 1 ^ 1 *) hold. To prove this, we use Q3) with the 
following test function £ R G C^(R N \ E) for R > R + 3 and E C B Rq ; 

( 0, if \x\ <R + 1; 
£ R (x) := { 1, if i? + 2< |z| < fl; 
[ 0, if |z| > 2R; 

which satisfies < £ R < 1, ||V£fl|| L °o (B2JiVBR ) < g and ||VC«|U<»(b Bd+3 \b Ko+1 ) < C^. Therefore, 
/ (IVwI^ 4 - 1 + \x\ a u t+q ) <C Ro +C R N 

J Rn+2<\x\<R 



p(t + q) t + p-1 , 



q — p + 1 q — p + 1 

'flo+2<|a;|<fi; 



for all 1 < t < -1 + 2 g+ "V /g ( g 1 p+1 I. Now, set i = 1 and send R -> oo. Since TV < £<£±£±Ii W e see 
Jrn |Vu| p < oo and J RJV |x| Q u 9+1 < oo. 

Step 3: This equality holds 

P 9 + 1 V 

Multiply © with < fl for Ci? G C^M^) which satisfies < Cr < 1, ||VCr||«> < % and 

._ f 1, if Is] < R; 
UW ,_ \ 0, if \x\ > 2R. 

Then, integrate over B 2R to get 

J \x\ a u q+1 ( R - f \Vu\% R = f |V M r 2 VG? • V« u. (39) 
By Holder's inequality, we have the following upper bound for R.H.S. of (|3"9"|) , 
I f \Vu\ p ~ 2 \7( R ■ Vm u| < FT 1 / |Vt*j p_1 (]a;|'5Trtt) |a:|~«¥r 

J BlR J &2R 

P- 1 1 g-p+1 

' fl _1 f / IVuM " ( I |d°u9 +1 V I f \x\-^tt 



B2R / \J E>2R / \J B2R 

p-i 

JV(<,-p+l) Q n / /' \ P / /' , \ 9 + 1 

— in- 1 / |Vu|p / a; a u 9+1 



B2R / V*' S2R 



16 



Therefore, from Step 2, there exists a positive constant C independent of R such that 

\ \Vu\ p - 2 V( R ■ Vu u\ < CR . 

Since N < p{ ^^ ] , we have lim^^ | J b%r | V<u| p - 2 VCfl • Vu u\ = 0. Hence (jUJ) implies 

|Vm| p = / \x\ a u q+1 . (40) 



Now, set fl — Br for R > 1 in (|38|) . Therefore, estimates in Step 2, i.e., 

/>oo /• pOO /• 

/ / \Wu\ p < 00 and / R a u q+1 < 00, 

JO J\x\=R JO J\x\=R 

imply that R.H.S. of the Pohozaev identity, (f3"5|). converges to zero if R — > 00. Hence, 

N - p r vu\> = ^[ \x\ a u q+i . 



P Jm« 9+1 
From this and (l40l) . we finish the proof of Step 3. 



For the second part of the theorem, i.e. the critical case q — N ^ p ^^ a+1 ^ , N > p, the function u e 



defined by ([5]) satisfies 

ur\\x\) < c 



N(p-2)+P , p+a 
I \ p-1 T p _i 



•J' 



(JV-l)(p-2) 

ivu £ r 2 (|x|) > c 

for every |ar| > i?o, where Rq is large enough and the positive constant C does not depend on \x\. Since 
p + a > 0, for a given S > and \x\ > Rq, we get 

x\ 



u rH\x\) < 5 

\Vu £ r 2 (\x\) > C fi 



2 



where # := ^l£_?i±£_ Now, one can apply weighted Hardy's inequality over R w \ -Br , i.e., 

N-9\ 2 f f_ f |V0| 2 



k"\b % i^r Jr n \b Ho \ x \ 6 2 



to see m £ is stable outside Br . Note that 5 can be chosen sufficiently small and for N > p we have 

n > e. 

□ 

Applying the Harnack's inequality, Lemma |2~51 we can get some point-wise and decay estimates for stable 
solutions of ((TJ) with three different nondinearities. 

Theorem 2.2. Assume that £1 is a (bounded or unbounded) proper subset ofM. N and f(x) = dist(x,dVl) a . 
Then, we have the following point-wise estimates for stable weak solutions u € C 1,7 (f2) of (QP in Q,. 

(i) Let F(u) = e u . Then, in dimensions p < N < + p we have 

e u{x) < c dist ( X) an) -(p+«) } vien. 
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(ii) Let F(u) = u q for q > p-1. Then, in dimensions p{ ^^ < N < q l p 1 +l P+ ^^ly^-l+i ^P' 

u(x) < C dist(x,dn)~^rr , Viefl. 



(in) Let F{u) = -u" for q < 0. Then, m dimensions ei^f^^ < N < + 9 {p ^_^ 2p, we 

have 

uix)- 1 < C dist(x,dn)^rr, Viefi. 
The constant C just depends on p, N and a. 



Proof of Theorem 12.21 Proof is similar to the proof of Theorem II .31 

(i) For fixed y £ fi, choose R > 1 such that dist(y, dil) = AR and B2r(u) C O. Then, apply Lemma HOI with 
the test function of the form 4>r{x) = C,r{\x — y\), where (r € C^(fi) is the standard test function that we 
have used before and satisfies 

1, if|ir|<i?; 
0, if \x\ > 2R; 



with < (r < 1 and ||VCr|U < i- Therefore, 



f(x)e^ +1 > < C / f{x)- 2t \VCR\ p(2t+1) - (41) 
b r (v) Jb 2R ( v ) 

Since 2R < dist(y, d£l) — \x — y\ < dist(x, dfl) < \x — y\ + dist(y, dfl) < 6R, we get 

/ f{x)e {2t+1 ^ < C R N - 2ta -P( 2t + 1 \ (42) 

where < t < -j^zj- To apply the Harnack's inequality, again set w := e u and observe that w is a positive 

sub-solution of —A p w = a{x)w p ^ 1 for a(x) = f(x)e u in B2R.(y). Therefore, Lemma [2.51 for (3 := > 1 

gives us 

Nil N+a \ 

sup e u < C H R~^ / e— " 

B 2R (y) \J\x-y\<2R J 



< C' H R~TR-f ( J 



y\<2R I 



To get an upper bound for R.H.S., set t x := 2 ^ p +a) m P^ - Here, we have used < 2 ^ P +a) < p~^T- 

sup e u < C^iT (p+Q) , (43) 
B 2R (y) 

where just depends on N,p,a and i? £ ||/(a:)e u || . But, by taking t 2 := 2( N _ e) — k in (02]) for 

Lp-' (B 2R (y)) W € > 

e small enough, we get 

p — e 

n L— ( B 2R(y) ) ~ \JB 2R (y) J ~ 

where C only depends on N,p and a. Note that we have used < < 
Finally, from AR = dist(y, dil) and (14"5|) . we obtain 

e u(y) < C N ^ a dist{y,dn)~( p+a \ 
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(ii) For the same R and y defined in part (i), we have 

jy t + p-1 „. t + 9. 



/(x)M t+9 < cR N -^+* a -^fc p , (44) 



for 1 < t < — l + 2 <?+v/ ^ 1 p+ — . Since u is a positive solution of — A p u = a(x)u :p 1 where a(x) = f(x)u g p+1 , 

N+i 
p+c 



the Harnack's inequality with (3 := S^(<? — P + 1) > 1 gives us 



sup u < C H R 7 / 

B2fl(y) \J\x-y\<R , 



< C H R *R M / f{x)u~ 

\J\x-v\<R 



|a:— 2/|<-R 



Now, set ii := ^ N+< *p+ a p+1 ^ — q in (l4"4l to get a uniform bound, independent of R, for R.H.S. of the above 
inequality and then by the definition of /3 observe that 



sup u < ChR q - p+1 ■ 
B 2 R(y) 



Note that here we have a restriction on dimensions, i.e. 1 < ( JV + a )( | < ? — q < — 1 + 2 q+ ^ ql " q . p+1 ^ . To 

' — p+a * p—l 

show Ch does not depend on e and R, set t 2 := jz^(q — P + 1) — Q in p4l) for small enough e. Here, we have 



restricted dimensions to 1 < ^(g — p + 1) — q < — 1 + 2 j 



g+V^tg-p+i) 



(iii) By the same idea as in part (ii), flU) holds for all 1 < — t < 1 + 2 v t — -. Function w := u 1 
is a positive weak sub-solution for — A p w — a(x)w p ~ 1 , where a(x) = u q ~ p+1 . Apply Harnack's inequality 
with/3:=-f±f(<?-p + l)>lto get 



sup w < C H R 7R J ( f f(x)u^ (q - p+1) 

B 2 r(v) \J\x-v\<R 



B 2 r(v) \J\x-y\<R 

Set the same t\ as in part (ii) in (|4"4"]l and substitute the value of p to get 

P + a 

sup W < CHR q ~ p+1 ■ 
B 2R (y) 



Here, we need to restrict dimensions to 1 < — ( N+a ^[ q -\-q < 1 + 2 q+ ^/ qt > q p+ D_^ Moreover, to show Cm 

5 — p+a ^ p— 1 1 " 

does not depend on R and e, we need dimensions to be in this range 1 < — — (q— p+l)+q < 1+2 q+ ^/ q ^ 

□ 

For stable outside a compact set solutions of (Q}, one can get the following similar estimate. 

Theorem 2.3. Assume u € C 1,7 (IR Ar ) is a solution of (QJ) which is stable outside a compact set S, then we 
have the following decays. 

(i) For F(u) — e" in dimensions p < N < + p, we have 

lim |x| p+a e u(:r) = 0. 

\x\— yoo 
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(ii) For F(u) — u q with q > p — 1 in dimensions ^j^p^ < N < -^hp^V + %-i)(l-p+i) ^P> we have 

p + a 

lim \x\ 9-p+i u(x) = 0. 



/m) for .FYu) = — wit/i q < in dimensions p< * q 2 ) < N < — — \rP + i X'w 9 P+ i\' > 2w, we /iawe 

' ' y ' ' ij— p+1 q-p+\ L (p-l)(q— p+L) 11 

_ p+a _ -, 

lim |cc| = 0. 

Proof of Theorem 12. 3t The main idea has been given in Theorem 12.21 and Theorem ll.3l 

□ 

Applying various form of Harnack's inequality, similar estimates have been derived in the absence of 
stability for some quasi-linear equations and inequalities in the celebrated paper |30j by Serrin and Zou in 
lower dimensions. 

Acknowledgement. I would like to thank Professor Nassif Ghoussoub, my supervisor, for his valuable 
comments. 
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